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 The dependence on Δ𝑡 in the algorithm is incorrectly given in: 
 

Proposed method: 
 

1) Initialize all quantities for time 𝑡 = 0. This will include the potassium 
and sodium diffusion matrices given by explicit formulae (see e.g. 
[3, 4]). 

2)  For the initial time only, use your method of choice to obtain the 
square root matrices. Label the diffusion and square root matrices 
respectively as 𝐷! and 𝑆!. There will be one of each for potassium and 
for sodium. 

3) Iteration for the 𝑛 +  1 time step will update all quantities including 
the diffusion matrices but not yet their square roots. This will generate 
diffusion matrix 𝐷!!!. Now recognize that in the previous iteration 
we have just determined the square root matrix for a 𝐷!  that is only 
slightly different from 𝐷!!!. Thus 𝑆!!! is only slightly different from 
the previously determined 𝑆!. So don’t use a multi-step iteration 
algorithm but instead do a one step iteration: 

4)  𝑆!!! = 𝑆! +
!
!
𝑆!!! 𝐷!!! − 𝐷!  . 

5)  Note that 𝐷 is of order Δ𝑡 so that 𝑆 is order 𝛥𝑡!/!. Thus the right hand 
side of 4) is of order 𝛥𝑡!/!. For small Δ𝑡, 𝛥𝑡!/! is larger, in 
dimensionless units. In this work the 𝛼/𝛽 rates are in 𝑚𝑠𝑒𝑐!!. The 



choice of step size, ∆𝑡, is 5 𝜇𝑠𝑒𝑐. Thus the dimensionless time step is 
much less than one. 

6)  Squaring both sides of 4) implies that we do indeed have the square 
root to order Δ𝑡. The eigenvalue/eigenvector structure of 𝐷! and 𝑆!  

also implies that they, and 𝑆!!!, commute. However, 𝑆!  and 𝐷!!! may 
not but their commutator is order 𝛥𝑡!/!, so we need not worry about 
the matrix order in the products generated by squaring both sides of 
4), at least to order ∆𝑡. Finally note that the square of 𝑆!!! 𝐷!!! −
𝐷!  is small compared to the cross term 𝐷!!! − 𝐷! . The square and 
the cross term are both the same order in ∆𝑡, but 𝐷!!! − 𝐷! ! is 
small because it is the difference of two nearly equal quantities, 
depending on the step size. Put another way, in dimensionless time, 
𝐷!!! − 𝐷! ! is much smaller than 𝐷!!! − 𝐷!  for small enough 

step size. (The membrane potential has an excursion within the range 
−80 𝑚𝑉 to 60 𝑚𝑉. Over this range each of the 𝛼/𝛽 rates is less than 
10 𝑚𝑠𝑒𝑐!!, and mostly less or much less than 1 𝑚𝑠𝑒𝑐!!. In a time 
step the membrane voltage, 𝑉, changes a small amount and this 
induces a small change in the 𝛼/𝛽 rates. By choosing the step size 
small enough we can guarantee the requirement that the squared term 
is negligible compared to the cross term. 

 
The correct dependence is given as follows: 
 
1) Initialize all quantities for time 𝑡 = 0. This will include the potassium 

and sodium diffusion matrices given by explicit formulae. 
2)  For the initial time only, use your method of choice to obtain the 

square root matrices. Label the diffusion and square root matrices 
respectively as 𝐷! and 𝑆!. There will be one of each for potassium and 
for sodium. 

3) Iteration for the 𝑛 +  1 time step will update all quantities including 
the diffusion matrices but not yet their square roots. This will generate 
diffusion matrix 𝐷!!!. Now recognize that in the previous iteration 
we have just determined the square root matrix for a 𝐷!  that is only 
slightly different from 𝐷!!!. Thus 𝑆!!! is only slightly different from 
the previously determined 𝑆!. So don’t use a multi-step iteration 
algorithm but instead do a one step iteration: 

4)  𝑆!!! = 𝑆! +
!
!
𝑆!!! 𝐷!!! − 𝐷!  . 

5) 𝐷! and 𝑆! are of order unity whereas the difference, 𝐷!!! − 𝐷!  is 
of order ∆𝑡. Square both sides of Eq.(4). This yields 



𝐷!!! = 𝐷! +
!
!
𝑆!𝑆!!! 𝐷!!! − 𝐷! + !

!
𝑆!!! 𝐷!!! − 𝐷! 𝑆! 

+ !
!
𝑆!!! 𝐷!!! − 𝐷!

!
 

 
= 𝐷! +

!
!
𝐷!!! − 𝐷! + !

!
𝑆!!!𝐷!!!𝑆! − 𝐷!  

+ !
!
𝑆!!! 𝐷!!! − 𝐷!

!
 

 
= 𝐷! + 𝐷!!! − 𝐷! + !

!
𝑆!!! 𝐷!!!, 𝑆!  

+ !
!
𝑆!!! 𝐷!!! − 𝐷!

!
 

 
 

because 𝑆! and 𝐷! commute but 𝑆! and 𝐷!!! may not commute. 
Since  𝐷!!! differs from 𝐷! by a term of order ∆𝑡, the commutator is 
of order ∆𝑡. Clearly the final squared term carried from line to line is 
of order ∆𝑡!. To order unity iteration step 4) generates the square-root 
matrix. 
 

 
 


